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ABSTRACT. For U open in a locally convex space E it is shown in (13] that
diere is a complete locally convex space G(LJ) such that G(U) = (~~kU), Té).
Wc will show that wlien U is balanced diere is an ,9’-absolute decomposition
for 0(U) in terms of tIte preduals of tIte spaces of homogeneous po?yno-
mials. For U balanced open in a Fréchet space we investigate neccessary
and sufficient conditions for (5r(U), r6) to be equal to G(U)~ -
1. INTRODUCTION
Let U be an open subset of a locally convex space E over O and let
5t’(U) be tIte space of holomorphic functions from U into O. We will de-
note by y0 dic compact-open topology on 5t’(U). A semi-norm p on
~‘(U) is said to be ported by tIte compact subset K of U if for each open
V,KCVCU there is C~,>0 such that
P (f)=CV 1 f 1~
for ahí fE~’(U). The v~-topology on ~‘(U) is tIte topology generated by
alí semi-norms poned by compact subsets of U.
If K is a compact subset of E we denote by cZRK) tIte space of halo-
morpbic germs on Rl TIte ir0 and y0 topologies are defined by
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(5r(K), ir0)= hm (c5r(U), ir0)
KGti
and
ecu
itt U be an open subset of a locally convex space E. Wc say that a
seminorm p on %
0(U) is r~-continuous, if for eacIt countable increasing
open cover {U~}~ of U there is an iníeger ti
0 and C>0 such tItat
for every f in 5r(U). TIte ir6-topology on 5r’(U) is the topology generated
by ahí r~ continuous semi-norms.
In [10], Mazet shows tliat diere is a locally convex space 0(U) and
a ItolomorpItic map ó, from U into 0(U) with die following universal
property: Given any complete locally convex space F and fE ~%<}U,E’)
diere is a unique T~ES(G (U), E’) such tliat fT1O6~. In panicular if we
take E’ = O, we see diat 0(U) is a predual of =‘(U).Mujica and Nachbin
[13] give a new proof of this theorem and show that 0(U) is also a topo-
logical predual and the inductive dual of 0(U), 0(U)! , is equal to
(65tNU), ra). In §2 we sliow that tIte spaces (¡‘(“E), ir0) and (¿~t
5(K), ir
0)
also have topological preduals wItich we denote by Q(”E) and 0(K) re-
spectively. We show that tIte spaces {Q(”E)}~ are an ,9<’-absolute decom-
position for 0(U) when U is balanced and therefore many of tIte topolo-
gical properties of 0(U) can be obtained from tIte topological properties of
Q (“E).
In tIte final section we assume U is a balanced open subset of a Fré-
cItet space. We show diat we can constmct (c5*<(U), ir0) from tIte 0(K)’s,
and use this result to show that 0(U)~ = (it<XU), ira) if and only
(~5t’(U), ir¿) is tIte bidual of (ct(U), ir0).
If E is a locally convex space and n a positive integer, 0 E will de-
““a
note tIte n-fold tensor product of E with itself completed with respect to
and endowed with tIte ,r or projective topology. Wc denote by ® E die
‘-“-‘a
completion of tIte subspace generated by tIte symmetric tensors.
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We refer the reader to [6] for further reading on inftnite dimensional
Itolomorpby and to [9] for further reading on locally convex spaces.
2. PREDUALS OF HOMOGENEOUS POLYNOMIALS AND
SPACES OF GERMS
Just as tIte space of holomorphic functions on each open subset of a lo-
cally convex space E has a predual, dic space of n-homogeneous polyno-
mials on E, for cadi integer n, and die space of holomorphic genns on
cací compact subset K of E will also have a predual. In fact, for n-ho-
mogeneous polynomials, by taking Q (“E) to be the space of alí linear
fornis on ¡‘(“E) which wlien restricted to cací locally bounded set is ir -
continuous, tIte proof of Theorem 2.1 of [13]is easily adapted to show tIte
following:
Proposition 1. Let E be a locally convex space, then for eacit posi-
uve inreger n, titere is a complete locally convex space Q(”E) atid cm n-ito-
mogeneous polynomial ó5eP(”E, Q(”E)) witit tite properly titar given any
complete local/y convex space E’ aníS any PEP(”E, E’) titere is a unique
L,,E&
9(Q(”E). E’) sucit that P L,,O 6~.
Tus result has previously been proved by Mujica, [12], for Banací
spaces and Ryan in [14] witIt Q(”E) replaced by ® E. By tIte uniqueness
‘atar
of L,, it will follow tItat Q(”E) is topologically isomorphic to ® E.
San
itt us define 0(K) to be tIte space of linear maps from ~5t~’(K)to O
which are ir
0-continuous on each set of holomorphic germs wIticIt are de-
fined and uniformly bounded on some neigItbourhood of K. Apply ing
Theoreml.í of [13] to die inductive limit (~5?’(K), r0)= hm c5t~
0(V, Ilk~)
KGV
Wc get:
Proposition 2. Ler K be a compact subset of a locally convex space
E, titen 0(K)¿ = (Y(K), ir).
mis result had been previously proved by Mujica [11] for E a Fréchet
space. In [11], Mujica points out thiat in tus special case 0(K) = G5~’NK),
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The concept of Y-absolute decomposition ([5]) allows us to obtain
topological properties of (¿¿<‘(U), ir) from tIte corresponding properties of
(¡‘(“E), ir), ir= ir0, ir0 or ir~ and U balanced. lo sliow that {Q(”E)}~ is an
9’-absolute decomposition for 0(U) we require tIte following lemma. (See
Proposition 3.15 of [6] for a related resultjl We let 9’= {(a~)EC N:
lun sup~,. Ia~IT=1}.
Lemma 3. La U a balanced open subset of a local/y convex space
E, (a~)~EY and IJ},~ be a farnily of futictiotis in 5tÁYU) unqorrnly
bounded on sorne neigitbouritood of a ¿compact balanced set K. Titen
titere is an M>0 such titat
=“f~(0) <My
n
for every fi and sorne neighbourhood y of K.
Por U open in any locally convex space E it can be shown diat, for
each n, tIte mapa :Q(”E)—*0(U) defined by ~(ñ= @( d§) ) for
@EQ(”E), fE5Y’(U) identifies Q(”E) witIt a closed subspace of 0(U).
Proposition 4. La U be a balanced open subser of a locally convex
space E; titen {Q(”E)}~ is an ,9’-absolute decomposition for 0(U).
Proot’. Let B=Q,9} be a family of locally bounded function in
5e’(U). Recalí tliat tIte topology on 0(U) is tIte topology of uniform con-
vergence on locally bounded subsets of ~5t’(U).As
(1,22,...,
it follows by itmma 3 diat for each x we can choose a neigItbourliood V~
of fl, tIte balanced hulí of {x}, sucli diat
sup ~n2 =“f~(O) =M~coo.
llierefore for every rn and every fi we liave,
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_________ , d”f~(O
)
_____ _____ -CM
n! v~
Rus die set
B {rn2 £ a”L(0) }
is locally bounded.
Por bE0(U), let ~ Por eacIt semi-norm a let U0={xEE:
a(x)=1} and B={PEP(”E): ¡P¡I~,=I}. Then B~ is a locally bounded
set of liolomorpliic functions on á?’(U) and @~IBZ = 4~Bg is ir0-continuous
and 4~~EQ(”E). Since q is ir0-continuous on B and tIte Taylor series ex-
pansion of 4 about O converges to 4 in tIte -r0-topology we Itave tItat,
~X&
B
= sup 4t d”h(0) ) 2 Il~II~~~ o
as m—*~. Rus ~ $~ in 0(U).
As
(a1,2
2a
2
for (a~)~ E¾ it follows by Lemma 3 that for every xE U, we can find
N5>0 such diat
supXn2an d” .4(0
)
“=0 - w
for sorne neighbourItood W~ of fl - In panicular the set
= {n2an =4(0) }
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is locally bounded. itt «>,—.0 in 0(U). As every locally bounded subset
of ¡‘(“E) is locally bounded in ¿¿<‘(U) and
MQk)~M{ ay~<os ~( t=”fg(0) ) ~n a~
@9)c>O in QCE) for every n. Tliis shows
composition for 0(U). For X:~O~~E0U)
diat {Q(”E)}. is a
and (a~)~ E Y’,
Schauder de-
Xa~& ~X~a~H¡@~L
B
=~sup ~(an d”t0
)
1
001
Tuis shows diat {Q(”E)}~ is an 9’-decomposition for 0(U), and taking
¡<=0, we 5CC that tIte decomposition is ,9’-absolute. O
In a way similar to that in wliicIt cadi Q(”E) can be
closed subspace of 0(U) it can be shown tbat each Q(”E)
witIt a closed subspace of 0(K) for K a compact subset
locally convex space. By a modification of Proposition 4
identified witli a
can be identified
of E and E any
we have:
Proposition 5. La K be a balanced cornpact subset of a locally con-
vex space E, then {Q(”E)}~ is an J7/’-absolute decomposition for 0(K).
Corollary 6. ¡fE is a Frécitet space titen QgE) = (¡‘(“E), ir0)~ -
Proof. Bodi {QQE)}0 and {(P(”E), r4}. are 9’-absolute decomposi-
tions for 0(K)=(¿¿”(K), ir4. E
Distinguished Preduals of Spaces of Holoniorphic Functions 227
3. DISTINGUISHED PREDUALS OF SPACES OF
HOLOMORPHIC FUNCTIONS
In tItis section we investigate conditions for 0(U) to be equal to
(¿¿1(U), ira). We begin by relating (¿¿<‘(U), r4 to tIte 0(K)’s when U is a
balanced open subset of a Fréchet space - We denote by RK.U tIte rnap frorn
¿¿‘(U) to ¿¿‘(K) whicb assigns to each f in ¿¿<‘(U) its restriction to K.
Proposition 7. Let
E. titen (¿¿1(U), ~z4=
U be a balanced open subsa of a E’réchet space
Sim 0(K).
KCU
K bala,,ced
Proof. Since (¿¿1(U), ir0) and (5e’(JC>, ir0) are semi-Montel, WC Itave
tItat (¿¿“(U), ir)= (¿¿“(U), ir<3 and (Ét’(K), ~ = (Y(K), ir01)=0(K),
where ir denotes tIte Mackey topology. If K is a balanced cornpact subset
of U tIten tIte Taylor series of 1 about 0 converges to f in (%<‘(K), ir0).
Since ¿¿“(U) contains alí polynomials, R5~((¿¿”(U),ir0)) is dense in
(¿¿“(A», ir0). Therefore tIte inductive
(c5t’(U), ir0)= hm
KaU
K
(¿¿“(K), ir)
is reduced. Tlierefore by IV.44 of [15] we Itave tbat
(¿¿“(U),ir0)= hm (9?’(K),v0)= hm 0(K).
KCU KCU
K batanced K
E
Lemma 8. Let U be a balanced open subset of a
titen 0(U),~ = ((J?’(U), T~);)¿ -
E’réchet space E,
Proal’. It follows by GrotItendieck’s Completeness Theorem, Theorem
3.11.1 of [9],diat 0(U) is tIte completion of (2<’(U),ir3. Therefore,
((2”(U),r0)fl’ =0(U)’ =9t’(U). To sbow tItat tliese two topologies agree
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it is sufficient to prove that eacIt bounded subset of 0(U) is contained in
dic closure, in 0(U), of a bounded subset of (¿¿<‘(U),irj~. Let B be a
bounded subset of 0(U). Defme A by
B ~: 4I~EB, mEIN
wItere &==~,.~>. By dic proof of Proposition 3.13 of [6], A is bounded
and as 4~EQ(”E)= (¡‘(“E), ir0)L, Éc%k(U),r0). Since ~ on
tIte locally bounded (and tIterefore ir0-bounded) subsets of ¿¿¡‘(U), B is
contained in tIte closure of 8. This completes die proof. E
TIte space 0(U) is not in general a Fréchiet space wIten U is an open
subset of a FrécItet space E.However, our next result shows tItat 0(U) be-
haves very like a Fréchet space vis-a-vis necessary and sufficient condi-
tions needed in order to show it is distinguished. Wc will denote by ird tIte
topology on ¿¿¡(U) defined by (~¿<‘(U), ird) = 0(U) -
Theorem 9. La U be a balanced open subset of a E’réchet space E,
titen tite following are equivalent:
(a) 0(U) = G(U» = (2YU), irj,
(b) 0(U) is distinguisited (0(U): is barrelled),
(c) 0(U): is infrabarrelled,
(d) 0(U): is bornological.
Proof. Since (¿¿¡(U), ir6) is barrelled and bomological we see that (a)
will imply (b), (c) and (d).
It follows from Lemrna 8 and the fact that 0(U),’ = (¿¿<‘(U), ir6), diat ~d
is a topology on ¿¿<‘(U) which satisfies ir_<ir~= ir,~. It now follows frorn
Corollary 3 of [1] tItat (b) implies (a). Since 0(U) is barrelled, see TIte-
orem 4.4 of [13], it follows by Tueorem 3.6.1. of [9], tliat 0(U): is
quasi-cornplete and so (b) is equivahent to (c). Finally, we note diat (d) al-
ways implies(c). E
Conditions (a) and (b) of dic aboye Tbeorem are also true in die case
where U is a balanced open subset of a DF space where we replace Co-
rollary 3 of [1]by Corollary 5 of [1].
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From itmma 8 and Tueorem 9 we see diat if U a balanced open sub-
set of a Fréchet space E, tIten G(U)= (¿¿<‘(U), ir6» if and only if tIte
bidual of (~-Z’(U), ir0) is equah to (<¿<‘(U), ir6). Tue question of when
((Yt’(U), ir0)»» is equal to (<¿<‘(U), ir6), was investigated by Dineen and
Isidro in [8]. Tuere they proved die folloWing Proposition.
Proposition 10. (Dineen-Isidro) Leí U be a balanced open subseí of
a locally convex space E, then (<út’(U), ir0»» = (<¿<‘(U), ir6) ¡f atid only ~f
(¿¿f’(U), ir6) itas a basis of absoluíely convex ir0-closed neighbouritoods
of 0.
Thus, in tIte case wliere U is a balanced open subset of a Fréchet
spacc E, we see diat tIte sufficient condition given in [13] TIteorern 1. 1 for
G(U» to be equal to (~¿<‘(U), ir6) is in fact also necessary.
As a complemented subspace of a distinguished space is distinguished,
and QQE) is complernented in 0(U) for every integer n, we see that a
necessary condition for ir4 to cquah ir6 is diat each QCE) is distinguished.
Tuis gives us a means of obtaining Fréchet spaces E sucIt that 0(U) *
0(U),’ for any balanced open subset U of E. Wc begin with tIte observa-
tion tItat Q(’E)=E, and dierefore Wc have diat 0(U), * (¿¿‘(U), ir6) for
any balanced open subset of a non-distinguished Fréchet space -
Taskinen, [16], constructs a Fréchet-Montel space E’0, sucb that
QQE’0) = E’0 ® E’0 is not distinguished. lhius we see diat O(U) *
(¿¿<‘(U), ir6) for any balanced open subset U of E’0. Ibis also means that
tItere are Fréchet-Montel spaccs such diat 0(U) is not distinguished.
lo apply Thcorcm 9 and obtaln examples of open subsets of Fréchct
spaces where 0(U):= (¿¿<‘(U), ir6) is very difficult. Tuis is because it is
hard to shaw that an arbitrary locally convex space 15 distinguished. A
necessary condition for ir~ to be equal to ir6 is tbat each Q(”E) is distin-
guished. WIten this Itolds we have tIte following Proposition showing that
ir4 is finer tItan ir0 -
Proposition 11. Leí E be a Frécitet space such thai Q(”E) is distin-
guisited for every integer n, then, for every balanced open set U in E, ir4
is finer titan ir0 on c5tt’(U) -
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Proot’. For every balanced compact subset K of E, 0(K) is a Fréchet
space, and it follows by Proposition 2 of [3], that 0(K) is distinguished.
Therefore 0(K),’ =0(K):, for every balanced compací set K of E. Hence
(<5t’(U), ir) = hm (¿¿1(K), ir) = ¡ini 0(K) = ¡ini 0(K)’~,.
KCU KCU KCU
By dic definition of projective limit, hm G(K». is weaker than
KGU
(limO(K)»= ((9t=(U),irj)¿):=G(U);.
KG U
E
It E is a Banach space, Q(”E) will also be a Banacb space for every
integer n. In particular, each Q (SE) is distinguished and tlierefore by Prop-
osition 11 we have diat ir
0=ir4=ir6 on ¿¿<‘(U) for every balanced open sub-
set U of E. Tberefore if we know that ir0= ir6 on ¿¿¡(U), we can conclude
tbat 0(U): = (¿¿“(U), ir6). For examples of Banach spaces and products of
Banach spaces witli nuclear spaces witb this property we refer to [4,2,7].
Acknowledgements
TIte results in tItis paper were proved in my Doctoral tbesis subniitted
to tIte National University of Ireland in August 1992. 1 would like to tItank
my supervisor Professor S.Dineen for bis assistance and encouragement
and Professor J. Mujica for his coniments.
References
[1] ANSEMCL, J. M. & PONTE, S.: Topologies associated with ¿he compact open
topology on ¿¿c~(U), Proc. R.IixAcad., Vo!.82A No. 1 (1982), 121-
128.
[2] QEURÉ G.: E’unctionnelles analyiques sur certaitis espaces de Ba-
nach, Ann. Inst. Fourier, 21 2, (1971), 15-21.
[3] 0hz, J. C. & M¡Ñ,xmo, A. M.: Distinguisited E’réchet spaces and
projective tensor products, DOGA Turk. J. Math., 14 (1990), 191-
208.
[4] OrnEEN, 5.: Holomorpitic function on (C0, X6) Modules, Math.
Ann, 196 (1972), 106-116.
Distinguished Preduals of Spaces of Holomorphic Functions 231
[5] DINEEN, 5.: Holomorpitic function on local/y convex topological vec-
tor spaces: I.Loca/ly convex topologies on ¿¿<‘(U). Ann. Inst. Fou-
rier, 23 (1973), 19-54.
[6] DINEEN, 5.: Comp/ex analysis on /ocally convex spaces, Nordi-Ho-
lland MatIt. Studies, 57 (1981).
[7] DINEEN, 5.: Ho/omorphic futiction ami Banacit-Nuc/ear decompos¡-
tions of E’réchet spaces, preprint.
[8] DINEEN, 5., & ISIDRO, J.: On sorne topological properties of tite al-
gebra of itolomorpitic functions, Unpubhished Manuscnpt.
[9] HoRvkrH, J.: Topological vector spaces and distributiotas, Vol. 1,
Addison-Wesley, Massachusetts (1966).
[10] MAZET, P.: Analyric sets in locally convex spaces, North-Holland
Madi. Studies, 89, 1989.
[11] MÚJICA, J.: A completeness criterion for inductive limuts of Banacit
spaces, Funclional Ana/ysis, Holomorpity and Approximation
Titeory¡¡ (Ed.G.I. Zapata), Northi-Holland Math. Studies, 68
(1984), 319-329.
[12]MÚJICA, 3.: Linearization of bounded ito/omorpitic mappings on Ra-
nacit spaces, Trans Amer. Matli. Soc., 324 (1991), 867-887.
[13] MÚsICA, J., & NACHBIN, L.: Linearization of itolomorphic mappings
on locally convex spaces, 3. MatIt. Pures Appl, 71, (1992), 543-
560.
[14] RYAN, R.: App/ications of topo/ogical tensor products to infinite di-
mensional ito/omorpity, Tuesis, Trinity College Dublin (1980).
[15] SCHAEFER, H. H.: Topological vector spaces, Springer-Verlag, Third
Printing corrected (1971).
[16] TASKINEN, J.: Examples of non-distinguished E’récitet spaces, Ann.
Acad. Sci. Fenn, Série Al. 14 (1989), 75-88.
Department of Madiematics
Universiíy College Dublin
Ecli icid
Dublin 4
lztland
Recibido; 27 de octubre dc 1992
Revisado: 29 de enero de 1993
